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Abstract 

A set D C V(G) is a dominating set of a graph G if every vertex 
of G not in D is adjacent to at least one vertex in D. A minimum 
dominating set of G, also called a 7(G)-set, is a dominating set of 
G of minimum cardinality. For each vertex v € V(G), we define 
the domination value of v to be the number of 7(G)-sets to which 
v belongs. In this paper, we find the total number of minimum 
dominating sets and characterize the domination values for PJOiP n 
and ftDCn. 



1 Introduction 

Let G = (V(G),E(G)) be a simple, undirected, and nontrivial graph. For 
S C V(G), we denote by (S) the subgraph of G induced by S. For a vertex 
v € V{G), the open neighborhood of v is the set N(v) = {u \ uv G E(G)}, 
and the closed neighborhood of v is the set N[v] = N(v) U {v}. For 5 C 
V(G), the open neighborhood of S is the set N(S) = U 1 , e sA r (t!) and the 
closed neighborhood of S is the set N[S] = N(S) U S*. 

A set D C y(C7) is a dominating set if iV[D] = ^(G), and is a iota/ 
dominating set if N(D) = V(G). The domination number of a graph G, 
denoted by 7(G), is the minimum of the cardinalities of all dominating 
sets of G. A minimum dominating set of G, also called a 7(G)-set, is a 
dominating set of G of minimum cardinality. For discussions on domination 
(resp. total domination) in graphs, see [TJ [5J [HI HI EE HI] (resp. see [51 
[HI). Slater [T5] introduced the notion of the number of dominating 
sets of G, which he denoted by HED(G) in honor of Steve Hedetniemi on 
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the occasion of his 60th birthday; further, Slater used #7(G) to denote 
the number of 7(G)-sets. Following [Ml [19], we denote by t(G) the total 
number of 7(G)-sets. For each vertex v £ V{G), we define the domination 
value of v in G. denoted by DVc(v), to be the number of 7(G)-sets to 
which v belongs; we often drop G when ambiguity is not a concern. Clearly, 
< DVg(v) < r(G) for any graph G and for any vertex v £ V(G). Sec 
|19j for an introductory discussion on domination value in graphs and [14| 
for an introductory discussion on total domination value in graphs. 

The Cartesian product of two graphs G and H, denoted by GDH, is 
the graph with the vertex set V{G) x V(H) such that (u,v) is adjacent 
to (u',v') if and only if (i) u = u 1 and vv' £ E(H) or (ii) v — v 1 and 
uu' £ E(G). For other graph theory terminology, refer to [4]. 

We denote by P„ and C n the path and the cycle on n vertices, respec- 
tively. In [T3], Jacobson and Kinch obtained the results on -f(P m OP n ) for 
rn = 2,3,4. Later, Hare developed an algorithm to compute 7(P m DP„) 
and was able to find expressions for 7(P m DP„) for a number of different 
values of m and n (see [5]). Chang and Clark proved the formulas found by 
Hare for "((P^OPn) and j(PeDP n ) in [3]. The complexity of determining 
7(P m DP„) is open as of [TT]. In [TS], Klavzar and Seifter obtained results 
on 7(G m DG n ) for m = 3, 4, 5. 

In section 2, we present relevant results from [19] . In sections 3 and 
4, noting r y(P20P n ) ^ j(P20C n ) for n = (mod 4), we investigate the 
total number of minimum dominating sets and the domination value for 
two classes of graphs, P-^\P n and P2DG„. 

2 Preliminaries and domination value in paths 
and cycles 

We first recall the following observations. 

Observation 2.1. fWjj ^ DV G (v) = r(G) • 7(G) 
vev(G) 

Observation 2.2. [Pj$ If there is an isomorphism of graphs carrying a 
vertex v in G to a vertex v' in G' , then DVq{v) = DVg>(v'). 

It is well known that -y(P n ) = l(C n ) = \^~\ . If we let the vertices of the 
path P n be labeled 1 through n consecutively, then we have the following 



Theorem 2.3. fH|/ For n>2, 

( 1 ifn = (mod 3) 

r(Pn)={ rc+|LfJ(LfJ-l) if n = I (mod 3) 
[ 2 + LfJ ifn = 2 (mod 3). 

For the domination value of a vertex v on P n , by Observation 
DV(v) = DV(n + 1 — v) for 1 < v < n. More precisely, we have the 
classification results which follow. 

Corollary 2.4. f7g|/ Let v £ V(P 3fe ), w/iere k > 1. 7%en 

f if v = 0,1 
_ \ 1 i/u = 2 fmod3j . 

Proposition 2.5. fiff] / Let v S V^Pjfc+i), where k > 1. Write v = 3q + r, 
where q and r are non-negative integers such that < r < 3. Then, noting 
T(P 3 k+i) = \{k 2 + 5fc + 2), we We 

f 59(9 + 3) i/w = (Wd 3) 

DV(v) = < (q+l)(k-q + l) if v = 1 (mod 3) 
[ s(k-q)(k-q + 3) if v = 2 (modS). 

Proposition 2.6. J7]| Let v e y(P 3 fc +2 ). where k > 0. FFriie v = 3g + r. 
where q and r are non-negative integers such that < r < 3. Then, noting 
T(Psk+2) = k + 2, we have 

[ if v ee (mod 3) 

DV(v) = I 1 + q ifv = l (mod 3) 

[ k+l-q ifv = 2 (mod 3) . 

If we let the vertices of the cycle C n be labeled 1 though n cyclically, 
then we have the following 

Theorem 2.7. fH|/ For n > 3, 

( 3 ifn = Q (mod 3) 

r(C n ) = \ n(l + § Lf J ) if n = 1 H 5J 
In if n = 2 (mod 3). 

By Theorem \2.7\ Observation 12.11 Observation 12. 2\ and the vertex- 
transitivity of C n , we have the following 

Corollary 2.8. JH|/ Let v g V(C n ), where n>3. Th 



an 



1 ifn = (mod 3) 

DV(v) = { |rfl(l+r|l) ifn = l(mod3) 
h~\ if n ee 2 (mod 3). 



3 Total number of minimum dominating sets 
and domination value in P20\P n 



We consider P2dP n (n > 2) as two copies of P n with vertices labeled 
x\,x 2 , . . . ,x n and 2/1, y 2 , • • • , 2/n with only the edges Xiyt, for each i (1 < 
i < n), between two paths (see Figure [1]). 
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Figure 1: Labeling of vertices of P 2 OP 7 



We first recall the following. 
Theorem 3.1. flf Forn> 2, 1 {P 2 UP n ) = |"2±1] . 

Lemma 3.2. Let G = P 2 \3P n , where n > 2. If neither X\ nor yi belongs 
to a j(G)-set D, then {x2,y2} C D. (Likewise, if neither x n nor y n belongs 
to D, then {a;„-i, 2/n-l} C D.) 

Proof. By definition of a dominating set, either xi or a vertex in N(x\) = 
{x2, yi } belongs to D. If x\ £ D and 2/1 ^ D, then 22 £ -D. Similarly, either 
2/1 eDora vertex in N(yi) = {xi, 2/2} belongs to Z?. If xi ^ D and 2/1 2" -D, 
then 2/2 £ -D as well. Thus x± ^ D and yi ^ D implies {X2, 2/2} CD, □ 

Lemma 3.3. Let G = P 2 OP n , where n > 3. 7/ £/iere exists a r y(G)-set 
containing no vertex of degree two, then n = 3 or n = 6. 

Proof. Suppose that D is a 7(G)-set such that {xi,yi,x n ,y n } flD = I. 
Let 5*o = {^2, 2/2, x„_i, 2/n-i}- Then, by Lemma [3.21 So Q D. Note that 
|5o| =2 if and only if n = 3: in this case, ^y(P 2 OP 3 ) = 2 and So = {x 2 , 2/2} 
is a -/(P 2 DP 3 )-set. If 4 < n < 5, then |S | = 4 and 7(P 2 DP„) = 3, 
and thus S £ D. If n = 6, then |S | = 4 and -/(P 2 DP 6 ) = 4: in fact, 
So = {^2, 2/2) £5 ) 2/5} i s a l(P20Pe)-set. Now, we need to consider n > 7. 
Suppose that So C D; we consider two cases. 

Case 1. n = 2k, where k > 4: Here, r y(P 2 OP 2 k) = fc + 1. Since 
N[S Q ] = {x t , ife | 1 <*< 3}U {x 3 , y 3 2k - 2 < j < 2k}, the part of P 2 UP 2k 
not dominated by So is a P 2 n\P 2 k._Q. So, fc — 3 vertices of D — So must 
dominate P 2 DP 2 k-6- But j(P 2 OP2k-6) = fc — 2 by Theorem 13. 1[ and we 
reach a contradiction. 



Case 2. n 
N[S ] = {x, 



= 2k + 1, where k > 3: 
Vi | 1 < i < 3} U {xj,yj 



Here, 7(P 2 DP 2fe+ i) = k + 1. Since 



2fc - 1 



P 2 DP 2 fc_l_i not dominated by So is a P 2 DP 2 fc_ 5 . 
must dominate P 2 DP 2 k_ 5 . But 7(P 2 DP 2 fe_ 5 ) = 
we reach a contradiction. 



< j <2k + 1}, the part of 
So, fc — 3 vertices of D — So 
k — 2 by Theorem 13.11 and 



Thus, we have shown that if Sq C P, then n = 3 or n = 6. 



□ 



Next we compute the total number of 7(P 2 DP n )-sets for n > 2. 
Theorem 3.4. For n>2. 



r(p 2 ap n ) = 



6 if n = 2 

3 if n = 3 

17 ifn = 6 

2 if n is odd and n ^ 3 

2n + 4 if n is even and n =/= 2, 6 



Proof. Let Dbea 7(P 2 DP„)-set for n > 2. Notice that no D contains both 
x\ and yi, or both x n and y n , unless n = 2. Wc consider two cases. 

Case 1. n > 3 is odd: Here, 7(P 2 DP„) = 2±1. By Lemma GEH if 
there is a D containing no vertex of degree two then n = 3. Moreover, we 
note that {a; 2 ,y 2 } C D if and only if n = 3: If {x 2 ,j/ 2 } C Z? and n > 3, 
then the part of P 2 DP„ not dominated by {x 2 , y 2 } is a P 2 DP„_ 3 , and I ^ 
vertices of D — {x 2 , y 2 } must dominate P 2 DP„_ 3 . But 7(P 2 DP„_ 3 ) = 
by Theorem 13.11 and we reach a contradiction. So, if n > 3, by Lemma 
13.21 cither iei € D or j/i G P. One can easily check that x\ £ D uniquely 
determines a 7-set D = {xi,yj \ i = l,j = 3 (mod 4)}. Similarly, yi £ D 
uniquely determines a 7-set P = {xi,yj \ i = 3,j = 1 (mod 4)}. Thus, 
r(P 2 DP„) = 2 for n ^ 3, and r(P 2 DP 3 ) = 3 by LcmmaEIl (See Figure^] 
for the three 7(P 2 DP 3 )-sets, where the solid black vertices in each P 2 DP 3 
form a 7(P 2 DP 3 )-set.) 



Figure 2: 7-sets for P 2 DP 3 



Case 2. n > 2 is even: Here, 7(P 2 DP„) = 2 + 1. If n = 2, then 
7(P 2 DP 2 ) = 2 and t(P 2 DP 2 ) = r(C* 4 ) = Q = 6. We consider n > 4. 
By Lemma 13.31 if there is a P containing no vertex of degree two (i.e., 
{ x 2, 2/2; x n -i, y n -i) Q P)j then n = 6. We consider three subcases. 



Subcase 2.1. {£2,2/2} Q D and {x„_i, y n -i} H 13 = 0: Let n be the 
number of such 7(P2DP ra )-sets for n > 4. Note that the part of P^dPn 
not dominated by {#2,2/2} is a P2DP n _3. So, n equals the number of 
7(P 2 DP„_3)-sets with ^(Pz^Pn-z) = § — 1. One can easily see that ti = 2 
when n = 4, 6. Since t 1 (P2DP„_3) = 2 for n > 8 by Case 1, we have T\ = 2 
for n > 4. 



Let T2 be the 
and Subcase 



Subcase 2.2. {2:2,2/2} flfl = I and y n -i} Q D 

number of such 7(P 2 DP ra )-sets for n > 4. By Observation 
2.1, we have r 2 = 2 for n > 4. 

Subcase 2.3. {£2,2/2} £ -D and {x n -i, J/n-i} 2 -D: By Lemma 13.21 
|{.ti, 2/1} (~1 D| = 1 and \{x n , y n } C\D\ = 1. Let D (resp. D') be such a 7-set 
of G = P 2 DP„ (resp. G" = P 2 ClP„ +2 ), where n > 4. And let r 3 (resp. 7^) 
be the number of such 7-sets of G (resp. G'). We will show that T3 = 2n, 
for n > 4, using induction. The base case, n = 4, is easily verified (sec 
Figure [3]). Assume that r 3 = 2n for n > 4. If xi G -D, then each D extends 
to D' such that D' = DU{x n+2 } if y n G D and £>' = DU{2/„+2} if £« G D; 
in addition, there are two additional 7(G")-sets which do not come from any 
7(G)-sets, i.e., {xi,yj \ i = l,j = 3 (mod 4) and 1 < i,j < n + l}U{a;„ + 2} 
and {%i,yj \ i = l,j = 3 (mod 4) and 1 < i,j < n + 1} U {y n +2}- Similarly, 
if 2/1 G D, then each D extends to D' and there are two additional 7(G')-sets 
which do not come from 7(G)-sets. So, t' z = T3 + 4 = 2n + 4 = 2(n + 2). 

Now, noting that {X2, 2/2, Xn-i, 2M-i} 5= implies n = 6, combine the 
three disjoint cases to get r = t\ + t 2 + T3 = 2 + 2 + 2n .= 2n + 4 if n ^ 2, 6 
and r(P 2 nP 6 ) = (2 • 6 + 4) + 1 = 17. □ 

See Figure [3] for the collection of 7(P2DP4)-sets, where the solid black 
vertices in each P2DP4 form a 7(P 2 DP4)-set. 
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Figure 3: 7-sets for P2OP4 



As an immediate consequence of Theorem l3.4l for an odd n > 3, we have 
the following 

Corollary 3.5. Let n > 3 be an odd number. 



(i) For each v G V(P 2 QP 3 ), DV(v) = 1. 



(ii) For Xi,yi G V(P 2 DP„) ; where n > 5, 



1 





i/ i is odd 
if i is even . 



Proposition 3.6. Let n > 2 be an even number. 



(i) For each v G V{P 2 UP 2 ), DV(v) = 3. 



(ii) For Xi, yi G V(P 2 DP n ), where n > 4 and n =/= 6, 



WO;) = £>V(j,i) 



n + 2 - i 
4 

i + 1 



i/ i is odd and 1 < i < n — 3 

if i = 2 or i = n — 1 

i/ i is even and 4 < i < n . 



(1) 



fraj Forxi,yi G y(P 2 DP 6 ), 



{ 



7 if i = 1 or i = 6 
5 if 2 < i < 5 . 



(2) 



Proof. Let n > 2 be an even number. 

(i) Note that P 2 DP 2 = G 4 , 7(G 4 ) = 2, and r(G 4 ) = 6. By Observation 
12. 1[ Observation 12.21 and the vertex-transitivity, DV(v) = 3 for each v G 
V(P 2 DP 2 ). 

(ii) For an even n > 4, let P (resp. D') be a 7-set of G = P 2 OP n (resp. 
G' = P 2 UP n+2 ). Since DV G (xi) = DV G {yi) for each i (1 < i < n), it 
suffices to compute DVcixi) for 1 < i < n. We consider two cases. 

Case 1. {x\,y\} PI P = 0: By Lemma |3~21 {x 2 ,y 2 } C P. Denote by 
Py 1 (u) the number of such P's containing v. Notice that there are two 
such 7(G)-sets. We will show, by induction, that 



For n = 4 (the base case), the two 7-sets are {x 2 ,y 2 ,X4} and {x 2 , y 2 , y 4 }, 
thus satisfying (|3]). Assume that (|3|) holds for G. Let P 4 and P 2 be 7(G)- 
sets, containing both x 2 and y 2 , such that x„ G Pi and y„ G P 2 . Then 
Pi extends to D[ = P 4 U {j/ n+2 } and P 2 extends to P 2 = P 2 U {x n+2 }, 




where D[ and D' 2 are 7(G")-sets. So, DV£,(xi) = DV£{xi) for 1 < i < n, 
DV£,(x n+1 ) = 0, and DV£,{x n+2 ) = 1. Thus 

(2 ]£i = 2 
DVqi{Xi) = < 1 if i > 4 and i is even 
I if i is odd , 

proving 

Case 2. xi G D or y\ efl: Denote by DV 2 (v) the number of such D's 
containing u. By Subcase 2.2 and Subcase 2.3 in the proof of Theorem 13. 41 
there are 2n + 2 such 7(G)-sets; n + 1 such £>'s containing x\, and n + 1 
such _D's containing y\. We will show, by induction, that 

{i if i = 0,2 (mod 4) and 2 < i < n 

n + 2-i if f = 1,3 (mod 4) and 1 < i < n - 3 (4) 
4 if i = n - 1 . 



Noting that no 7(G)-set contains both x\ and y±, we consider two sub- 
cases. 

Subcase 2.1. x\ G D: Denote by DV 2 ' 1 ^) the number of such D's con- 
taining v. For n — 4 (the base case), one can check that there are five such 
7-sets: {x 1 ,x 2 ,y 4 }, {xi,y 2 ,x 4 }, {xi,y 3 ,x 4 }, {xi,y 3 ,y 4 }, and {xi,x 3 ,y 3 }. 
Let Di,D 2 ,- - ,D n+ i be 7(G)-sets containing X\, where {x„_i, y„_i} C 
Z3 n+1 . Then, for 1 < i < n, each Di extends to D[ = DiL){x n+2 } if y n G A 
and D- = U {2/„ +2 } if x n G £>i, where each D[ (1 < i < n) is a 7(G')-set; 
D n+ i = {xj,j/j | i = l,j = 3 (mod 4) and 1 < i,j < n - 2} U {x n _i,y n _i} 
does not extend to a 7(G')-set, but there exists a 7(G')-set D' n+1 = {xj, j/j | 
t = 1, j = 3 (mod 4) and 1 < i,j < n} U {x n+ i, y n +i} which does not come 
from any 7(G)-set. Further, there exist two additional 7(G')-sets which 
do not come from any 7(G)-sets such as D' n+2 — {xi,yj \ i = l,j = 3 
(mod 4) and 1 < i, j < n + 1} U {x n+2 } and D' n+3 = {x ll y j | i = l,j = 3 
(mod 4) and 1 < i, j • < n + 1} U {y n +2}- So, noting that n is even, we have 
the following: 

DV^ 1 {x i ) if i = 0,2,3 (mod 4) and 1 < i < n - 2 



DV^ 1 (x l ) + 2 if t = l (mod 4) and 1 < i < n-2 
Wj'^Xn-i) - 1 if n = (mod 4) 



DVq ,1 {x 71 - 1 )+2 if n ee 2 (mod 4) 



2,1/ \ / 3 ifnEEO (mod 4) 

vv G , (x n+1 ) -| j if n _ 2 (mod4) 



DV^(x n ) = DV%\x n ), and DV^(x n+2 ) = § 



+ 1. 



Subcase 2.2. yi G D: Denote by DV 2 ' 2 {v) the number of such D's con- 
taining v. For n = 4 (the base case), one can check that there are five such 7- 
scts: {y 1 ,y 2 ,x 4 }, {yi,x 2 ,yi}, {yi,x 3 ,x 4 }, {yi,x 3 ,yi}, and {yi,x 3 ,y 3 }. Let 
ri,r 2 ,-- - ,r n+ i be 7(G)-sets containing y x , where {x„_i,y„_i} C r n+ i. 
Then, for 1 < i < n, each Ti extends to = Ti U {x n+2 } if Vn € Tj and 
T- = Ti U {2/11+2} if i n G r i; where each r- (1 < z < n) is a 7(G')-set; 
r„ + i = {xi,yj I i = 3, j = 1 (mod 4) and 1 < i, j < n - 2} U {x n -i, Vn-i) 
does not extend to a 7(G')-set, but there exists a 7(G')-set T' n+1 = {xi, yj 
i = 3, j = 1 (mod 4) and 1 < i,j < n} U {x n +i, y n +i} which does not come 
from any 7(G)-set. Further, there exist two additional 7(G')-sets which 
do not come from any 7(G)-sets such as T' n+2 = {xi,yj | i = 3,j = 1 
(mod 4) and 1 < i, j < n + 1} U {x n+2 } and T' n+3 = {xi,yj \ i = 3, j = 1 
(mod 4) and 1 < i, j • < n + 1} U {y n + 2 }. So, noting that n is even, we have 
the following: 



DV^{x n ) = DV£ 2 (x n ), and DV 2 ' 2 {x n+2 ) = f + 1. 

Next, assume that g]) holds for G. Noting that W 2 (v) = DV 2>1 {v) + 
£)]/ 2 ' 2 (w) and that n is even, by Subcase 2.1 and Subcase 2.2, we have 



DV&ixn-i) = DVg(x n -!) + 1, DV 2 ,(x n ) = Wj(z„), DV 2 ,(x n+1 ) = 4, 



and J DV r J,(x„ +2 ) = n + 2, proving gj). 

Now, noting that DF(u) = DV 1 (v) + DV 2 (v) for v G V^O-Pn), where 
n > 4 is even and combine © and @ to obtain (TTJ), proving (ii). 

(hi) By Theorem 13.41 P 2 \3Pq has an additional 7-set {x 2 , y 2 , X5, j/5}. 
This, together with (JXJ) , for x-^yi G V^(P2n^6)7 we obtain 

( 8 — i if i is odd and 1 < i < 3 




Wj; 2 (a;„_i 




(x,) ifz = 0,2 (mod 4) and 1 < i < n- 2 

(a;,-) + 2 if i = 1,3 (mod 4) and 1 < i < n - 2 




5 if i = 2 or i = 5 

i + 1 if i is even and 4 < i < 6 , 



which equals the domination value in ^j. 



□ 



4 Total number of minimum dominating sets 
and domination value in P2^\C n 

For n > 3, consider i^DC™ as two copies of C n with vertices labeled 
X\,X2, ■ ■ ■ ,x n and y%, 2/2 > • • • , Un with only the edges Xiiji, for each i (1 < 
i < 11), between two cycles (see Figure 0J. 
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Figure 4: Labeling of vertices of P20C, 



if n = (mod 4) 
ifn^O (mod 4) . 

Wc introduce the following definition which will be used in the proof of 
Theorem Ol 

Definition 4.2. Let G 1 and G 2 be disjoint copies of a graph G, and let D 
bea7(P 2 DG)-sct. Let {DfWiG 1 )) = U^Uj, a disjoint union of connected 
components such that |V(i?/)| < ^(if/,-^ for 1 < i < mi — 1; similarly, 
wc write (D n V{G 2 )) = U^H 2 . Let a = maxflVfTOl, \V(H 2 m2 )\); wc 
will denote by V. a any with \V(H\ )\ = a, for j = 1, 2 (1 < i < mi or 
1 < i < m2). 

Example. The black vertices in Figure [5] form a 7(P2nCio)-set D, 
where (D) contains 2%2- 




We recall the following result. 
Theorem 4.1. f?|/ For n > 3, 



i{p 2 nc n ) = 




Figure 5: 2% C (D), where D is a 7(P 2 DCio)-set 



Theorem 4.3. Let n > 3. For each v G V(P 2 DC n ), 
1 



£>V(v) = < 



n+ 1 

2 



-n±l ])2 



3 

17 



if n = (mod 4) 
if n = 1,3 (mod 4) and n ^ 3 
if n = 2 (mod 4) and n 6 
if n = 3 
if n = 6 . 



Proof. By Observation 12.21 and the vertex-transitivity, W(w) = DV(x\) 
for each u G V(P 2 OC n ). Let D be a 7(P2DCn)-set containing X\, where 
n > 3; note that at least a vertex in {x 2 , £3,2/1, y 2 , 2/3} belongs to 13. Noting 
that each vertex dominates four vertices, we consider four cases. 

Case 1. n = 4k, where k>l: Since 1 (P 2 UC ik ) = 2k and \V(P 2 OC 4 k) \ = 
8k, each vertex is dominated by exactly one vertex (i.e., no vertex is doubly 
dominated). Thus there is a unique D containing x\, i.e., D = {xi,yj \ i = 
l,j = 3 (mod 4)}, and hence DV(xi) = 1. 

Case 2. n = 4k + 1, where k > 1: Here 1 {P 2 UC Ak+ i) = 2k + 1. We 
will show that no D contains both x\ and a vertex in {y\, y 2 , X3}. First, 
we note that no D contains both X\ and y\\ if {x\,y\\ C D, then the 
part of P 2 \3C4k+i not dominated by {x±,yi} is a P 2 DP4k- 2 , and 2k — 1 
vertices of D — {xi, yi} must dominate P 2 OP4k- 2 - But j(P 2 OP4k- 2 ) = 2k 
by Theorem 13. 1[ and we reach a contradiction. Second, we note that no 
D contains both xi and y 2 : if {xi,y 2 } C D, then the part of ^20^4^+1 
not dominated by {x\,y 2 } is the graph H in Figure and 2k — 1 vertices 
of D — {xi,y 2 } must dominate H. If we let Sq = {xi,yj \ i = 0,j = 



^3 
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2 (mod 4) and 4 < i,j < 4fc - 2}, then \S \ = 2(k - 1), S dominates 
8(fc — 1) vertices, the part of H not dominated by So is a P 4 , and one 
vertex of D — (So U {xi,y 2 }) must dominate P4. But 7(Pi) = 2, and 
we reach a contradiction. (Similarly, no D contains both x\ and y4k+i-) 
Third, no D contains both x\ and X3: if {xi,xs} C D, then a vertex 
in N[y 2 ] = {X2, yi, 2/2, 2/3} must belong to D. Since {xi,yi} ^ D (and 
thus {23,2/3} 2 by the vertex-transitivity) and {xi,y 2 } % D, x 2 G -D. 



If Rq := {iri, X2, 2:3} C D, then the part of P2nC*4fe+i not dominated 
by i?o, say H\, must be dominated by 2k — 2 vertices in D — Rq. Since 
\V{P 2 DC ik+1 )\ = 8k + 2 and \N[R } \ = 8, 2k - 2 vertices in D - R must 
dominate 8fc — 6 vertices. But each vertex in P^C^k+i dominates four 
vertices, and we reach a contradiction. (Similarly, no D contains both x\ 
and Xiu-) So, we only need to consider P such that (i) {x\,x 2 } Q D 
(resp. {xi,a;4fc+i} C P) or (ii) no vertex in iV[xi] is doubly dominated 
(i.e., {xi,y 3 } C P and {a;i,y 4 fe} Q D). 

Subcase 2.1. {x\,X2\ C D (resp. {x\,x±k+i} Q D): The part of 
Pj^Cik+i not dominated by {x%, x 2 }, say P 2 , must be dominated by 2k — 1 
vertices in D — {x\,x 2 }. Since \V (P 2 DC4k+i)\ = 8fc + 2and iV[{xi, x 2 }] = 
6, 2k — 1 vertices in D — {x\, x 2 } must dominate H 2 with |y(i?2)| = 8fc — 4, 
and thus there exists at most one 7-set containing both x\ and x 2 (resp. 
x\ and X4fc+i). Noting that {.ti} U {xi,yj \ i = 2 7 j = (mod 4)} (resp. 
{xi,yj I i = l,j = 3 (mod 4)}) is a 7-set, there is a unique D containing 
both x\ and 22 (resp. x\ and X4A.+1). 

Subcase 2.2. No vertex in N[x\] is doubly dominated: Since x\ ^ V(T-L 2 ), 
by Subcase 2.1, there are 2k — 1 slots in which H2 can be placed. 

By Subcase 2.1 and Subcase 2.2, we have DV(xi) = 2(1) + (2k - 1) = 
2k + 1. 

Case 3. n = 4fc + 2, where k > 1: Here 7(P 2 nC 4fe+ 2) = 2k + 2. We will 
show that no D contains a H Q for a > 4. If R\ := {x\, x 2 ,xs, x 4 } C D, then 
the part of P2DC4fc+2 not dominated by Ri, say Fi, must be dominated by 
2k - 2 vertices in D - R x . Since |F(P 2 0^+2)1 =8fc + 4and \N[R{\\ = 10, 
2fc — 2 vertices in P — Pi must dominate Pi with |V(Pi)| = 8fc — 6. But each 
vertex in P2DC4fc+2 dominates four vertices, and we reach a contradiction. 
We consider four subcases. 

Subcase 3.1. ^3 C (D): We denote by DV 1 (x{) the number of such 
P's containing x\. We note that the placement of H3 uniquely determines 
D: if P2 := {xi,x 2 ,x^} C P, then the part of P 2 DC4 : k+ 2 not dominated 
by P2, say P2, must be dominated by 2k — 1 vertices in D — R 2 . Since 
|V"(P2nC 4fc+2 )| = 8fc + 4 and \N[R 2 } \ = 8, 2k - 1 vertices in D - R 2 must 
dominate P2 with |y(P 2 )| = 8fc — 4, and thus there exists at most one 7-set 
containing P2. Noting that {xi, x 2 }U{xi, i/j \ i = 3, j = 1 (mod 4) and 3 < 
hj < 4fc -(- 2} is a 7-set, there is a unique D containing R 2 . If x\ £ V(%^,), 
there are three such P's, i.e., {x\,x 2 ,x^} C P, {x^k+2, %i, x 2 } C P, and 
{xik+i, x^k+2, x\\ C P. If x\ Vil-Lz), there are 2k — 1 slots in which 
can be placed. So, DV 1 (x 1 ) = 3 + (2k - 1) = 2k + 2. 

Subcase 3.2. 2H 2 C (P); We denote by PV 2 (.Ti) the number of such 
P's containing x\. Since each vertex in % 2 is doubly dominated, four 



vertices in 2T-L 2 are doubly dominated, and hence the placement of 2"P 2 
uniquely determines D. If x\ £ V{Ji 2 ) (i.e., \x\, x<x\ C D or {x±, 2:4/0+2} C 
D), then there arc 2k — 1 available slots to place the other H 2 . If x\ £ 
V(H 2 ), then there are ( 2k 2 ~ 1 ) available slots to place 2U 2 s. Thus, DV 2 (xi) 



= 2(2k - 1) + ( 2ft - x ) = (2fc - l)(fc + 1). 

Subcase 3.3. Hi C (D) and 2U 2 1 (D): We will show that no such D 
exists. Without loss of generality, suppose that {x 1,2:2} Q D. In order for 
y 3 to be dominated, a vertex in N[y 3 ] = {2:3, y 2 , 2/3, 2/4} must be in D. By 
the hypothesis, {2:1,2:2,2:3} % D. First, suppose that P3 := {xi,x 2 ,y 2 } C 
D. Then the part of P2DC4fc+2 not dominated by P3, say F3, must be 
dominated by 2k — 1 vertices in D — R 3 . Since |F(P2dC4fc+2)| = 8fc + 4 and 
|iV[i? 3 ]| = 7, 2fc - 1 vertices in D - R 3 must dominate F 3 with \V(F 3 )\ = 
8k — 3. But each vertex in P 2 OC4k+ 2 dominates four vertices, and we reach 
a contradiction. Second, suppose that R4 := {x\,x 2 ,y 3 } C D. Then the 
part of P 2 \3C4k+ 2 not dominated by R4, say F4, is a graph isomorphic to H 
in FigureEJ and 2k — 1 vertices of D — R4 must dominate F4 = H, which is a 
contradiction by Case 2. Third, suppose that R5 := {x\, x 2 , 2/4} C D. Then 
the part of P2DC4fc+2 not dominated by P5, say P5, must be dominated by 
2k-l vertices in D-R 5 . Since |F(P 2 nC4fc+2)| = 8fc + 4and \N[R 5 ]\ = 10, 
2k — 1 vertices in D — R 5 must dominate F 5 with |V(Ps)| = 8fc — 6, and 
thus there exist two vertices in iVfPs] that are doubly dominated. When 
k = 1, one can easily see that 2/5 £ D (i.e., 2% 2 C (£))) or i 6 e P 
(i.e., "P 3 C (I?)); both cases contradict to the assumption. So we consider 
for k > 2. Without loss of generality, we may assume that at least one 
vertex in AT [2/4] n -/V[Fs] = {0:4,2/5} is doubly dominated. In order for 2:4 
to be doubly dominated, 2:5 E D. If {x\, x 2 , 2/4, x$} C D, then the part 
of P2dC4fc+2 not dominated by {2:1,2:2,2/4,2:5} is the graph H' in Figure 
and 2k — 2 vertices of D — {xi, x 2 , 2/4, £5} must dominate P'. If we 
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Figure 7: H' C P 2 nC" 4 fc+2, where k>2 



let 5" = {xi,yj I i = l,j = 3 (mod 4) and 6 < i,j < 4fc}, then \S'\ = 
2k — 3, S' dominates 8fc — 12 vertices, the part of H 1 not dominated by 
S' is a P4, and one vertex of D — (S" U {xi, x 2 , 2/4, x$}) must dominate 
P4. But 7 (Pi) = 2 and we reach a contradiction. In order for 2/5 to 
be doubly dominated, a vertex in {2:5,2/5,2/6} must belong to D. Since 
{xi,x 2 ,y4,x 5 } % D and {xx, x 2 , j/ 4 , 2/5} ^ D, y 6 e D. In this case, i.e., 



{x\, X2, ?/4, ye} Q D, note that x\, X2, and 2/5 are doubly dominated. In 
order for x§ to be dominated, a vertex in AT[xs] = {X4, X5, xq, 2/5} must be 
in D and each case results in at least two additional vertices to be doubly 
dominated, which is a contradiction. Thus, there is no 7(-P 2 IZ]C4fc+2)-set 
containing exactly one % 2 . 

Subcase 34. Hi % (D): We denote by DV 3 (xi) the number of such D's 
containing x%. First, suppose that {x s , y s } C D for some s (1 < s < 4fc + 2). 
If {xi,yi} C D, then the part of P20C4k+2 not dominated by {x\,yi} is 
-P 2 DP4fc_i, and 2fc vertices of D — {xi,yi} must dominate P20P4k-i- By 
Theorcm l3.4[ there exist two such P/'s for k ^ 1 (i.e., n ^ 6) and there exist 
three such D's for fc = 1 (i.e., n = 6). If x\ G D and {2/1, 2/2, 2/4/0+2} HZ? = 0, 
then there are 2fc available slots in which {x s ,y s } C D can be placed for 
some s / 1. Second, suppose that no two adjacent vertices belong to D. 
If we let Si = {xi,yj \ i = l,j = 3 (mod 4) and 1 < i,j < 4fc}, then 
I /S^i I = 2fc and the part of P2dC4k+2 not dominated by Si is a P4, so 
two vertices of D — Si must dominate P4. Since no two adjacent vertices 
belong to D, if Si C D, then {a; 4fc , 2/4fc+i} C D or {.T 4fc , 2/4/0+2} C D or 
{a;4fc+i, 2/4/0+2} C I?, thus there are two pairs of vertices (not necessarily 
disjoint) in D that are at distance two apart. The number of ways of 
selecting 2 out of 2k + 2 available slots is ( 2fe + 2 ) = (k + l)(2k + 1). Thus, 
DV 3 (xi) = 2 + 2k + (k + l)(2fc + 1) = (k + l)(2k + 3) if k ^ 1, and 
DV 3 (xi) = 11 if k = 1. 

Now, noting that DV(x x ) = DV 1 (x 1 ) + DV 2 {xi) + DV 3 (xi), we have 
DV(xi) = (2k + 2) 2 if k ^ 1, and DV(xi) = 17 if fc = 1. 

Case 4. n = 4fc + 3, w/iere k > 0: Here 7(P 2 nC4/o+3) = 2fc + 2. 
When k = 0, one can easily check that there are three 7-sets containing x\, 
i.e., {21,2/1}, {2:1,2/2}, and {£1,2/3}- So DV(xi) = 3 for xi <E F(P 2 nC 3 ). 
Next, we consider for fc > 1. We will show that no D contains both 
xi and a vertex in {2/1, X2, X3}. First, note that no D contains both xi 
and yi: If {xi,yi} C D, then the part of P2DC4k+3 not dominated by 
{xi, 2/1} is P^DPi/o, and 2fc vertices of D — {xi, 2/1} must dominate P 2 DP4fc. 
But 7(P 2 DP4fc) = 2fc + 1 by Theorem 13.11 and we reach a contradic- 
tion. Second, note that no D contains both xi and X2- if {xi,X2} C D, 
then the part of P 2 DC4 / ! S+ 3 not dominated by {cci,a; 2 }, say H* , must 
be dominated by 2fc vertices. If we let S* — {xi,yj \ i = 2,j = 
(mod 4) and 4 < i, j < 4fc}, then \S*\ = 2k — 1 and the part of P 2 nC l 4fe+3 
not dominated by 5'*U{xi, x 2 } is a P4, and one vertex of D — (S* U{a;i, x 2 }) 
must dominate P4. But 7(Pi) = 2, and we reach a contradiction. (Simi- 
larly, no D contains both xi and £4^+3.) Third, note that no D contains 
both xi and X3: if {xi,^} C D, then a vertex in N[y2] = {.T2, 2/1, 2/2, 2/3} 
must belong to P. Since {£1,2/1} ^ D, {23,2/3} ^ P, and {21,22} 2 ^1 



we need to consider {x\, X3, 2/2} Q D: since |V(-P2nC4fc+3)| = 8fc + 6 and 
\N[{xi,y2, X3}] I = 8, 2k — 1 vertices of D — {xi, X3, 2/2} must dominate 8fc — 2 
vertices, which is impossible since each vertex in P^OC^k+a dominates four 
vertices. (Similarly, {xi, £4^+2 } 2 So, we only need to consider D such 
that (i) {2:1,2/2} C D (resp. {#1, 2/4fc+3} C D) or (ii) no vertex in iV[a;i] 
is doubly dominated. So suppose that {£1,2/2} Q D. Then the part of 
P20Cik+3 that are not dominated by {2:1,2/2}; say H", must be dominated 
by 2k vertices. Since \V(P 2 aC ik+3 )\ = 8fc + 6 and \N[{x 1 ,y 2 }]\ = 6, 2fc 
vertices of D — {2:1,2/2} must dominate H" with = 8k, and thus 

there exists at most one such D. Since {21,2/2} U {xi,yj \ i = 0,j = 2 
(mod 4) and 3 < i, j < 4fc + 3} is a 7-set, if {0:1,2/2} Q D, then there exists 
a unique such D. Similarly, there exists a unique D containing both X\ and 
2/4fe+3- If no vertex in iV[a;i] is doubly dominated (i.e, {0:1,2/3,2/4^+2} Q D), 
then there are 2k slots in which a pair of vertices of D at distance two 
apart can be placed. Thus, DV(xi) = 2 + 2k if k > 1, and = 3 if 

fc = 0. □ 



As an immediate consequence of Theorem 14.31 Observation 12. 1[ Obser- 
vation [2T2l and the vertex-transitivity of P2DC n , we have the following. 

Corollary 4.4. For n > 3, 

4 if n = (mod 4) 

2n if n = 1,3 (mod 4) anc/ n ^ 3 

n(n + 2) if n = 2 (mod 4) and n^6 

9 i/ n = 3 

51 «/ n = 6 . 



r(p 2 ac n ) 4 



5 Open Problems 

We end this paper with some open problems. One could ask the following 
questions. 

1. In our terminology, Mynhardt |16j characterized vertices v in a tree T 
such that DV(v) = r(T) or DV(v) = 0. Can we describe vertices satisfying 
DV{v) = k for k ^ 0,t(T)? 

2. For e £ E(G), can we find the bounds of t(G — e) in terms of r(G)? 
And, for t; G y(G — e), how does DVo-eiv) change in terms of DVc{v)l 

3. For w £ V(G), can we find the bounds of t(G — w) in terms of r(G)? 
And, for v G V(G — w), how does DVg- w {v) change in terms of DVg(v)1 

4. For a given graph G, can we characterize subgraphs H C G satisfying 
£)Vkf(t;) = W g (d) for each vertex v G V(H)1 



In parallel with the idea of r(G), the anonymous referee suggested the 
following questions. 

5. Can we compute the number of ir-sets (maximal irredundant sets of 
minimum cardinality), 7-sets (minimum dominating sets), 7t-sets (min- 
imum total dominating sets), i-sets (minimum independent dominating 
sets), /?o-sets (maximum independent sets), F-sets (minimal dominating 
sets of maximum cardinality), IR-sets (maximum irredundant sets) in a 
graph Gl 
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